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NUMERICAL TIC-TAC-TOE — 1

GEORGE MARKOWSKY
Computer Science Department
University of Maine

Orono, Maine 04489

ABSTRACT

Part 1 of this article discussed two very interesting variations on Tic-Tac-Toe that
use numbers instead of X's and O's [1]. These variations were discovered by Ron
Graham and P. H. Nygaard. Part [ presents analyses of both games along with
several open problems and the history of these games. Part Il presents a winning
strategy for Odd in Graham's game. ’

1. Ron Graham’s Game

Ron Graham's Game uses the standard 3 X 3 Tic-Tac-Toe board. Instead of
calling the players X and O, we call them Odd and Even. Odd gets the numbers
1,3,5,7,and 9, while Even gets the numbers 2, 4, 6, and 8. Odd goes first,
after which the players take turns placing one of their numbers in the empty
cells of the standard Tic-Tac-Toe board. Numbers may be used only once. The
object of the game is to be the player who completes a line that sums to 15. As
in Tic-Tac-Toe, a line is a row, column, or diagonal.

Completing a line means being the player who puts the final number in it so
the entire line sums to 15. Players are allowed to use numbers placed by the
opponent to reach the sum of 15. Note that once a line contains two numbers
whose sum is 15 or greater, there is no way to complete that line, although
filling in the remaining cell might be necessary to complete a different line.

The setup for playing Graham’s Game is quite simple. Start out with a piece
of paper which has the familiar Tic-Tac-Toe board on it. To one side write a row
with the numbers 1 3 5 7 9 in it and below it write a row with the numbers
2 4 6 8 init. As the players use the numbers they must cross them off. Figure
1 shows the setup for playing Graham’s Game.
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Odd: 13579
Even: 2 4 6 8

Figure 1. The setup for playing Graham's Game.

a b c
d e f
g h i

Figure 2. Labeling the positions on a Tic-Tac-Toe Board.

2. A Winning Strategy for Graham's Game

To explain the following strategy we must first introduce a compact system
of labeling the Tic-Tac-Toe board. One possible labeling is shown in Figure 2.
The notation in Figure 2 is similar to chess notation and was suggested to me by
Danny Kopec. It is clearer than the numerical notation 1 was originally using
since it distinguishes between values on the board and positions.

Odd can win by putting 1 into position b. By the reduction discussed in the
previous section, putting | into positions d, f, and h should also lead to wins.
Again, the reductions discussed in Part 1 of this article show that using9=10-1
should produce the same results. Thus, after the first move, the board should
look like:
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2a9h 2c¢8h 2d5¢c 2e3a 2f5a 2g3a 2h9%a 2i3h
409h 4¢9h 4d5¢c Le7o0 4fSa 4g70 4h9a 4i7h
6a7c 6¢c70 6d9a 6e9h 6f5a 6g9f 6h7e 6i9h
8a3c 8c3a 8d9ac 8e%h Bf3a 8g9f 8h3e 8i%h

Figure 3. Odd’s second move.

0Odd's Second Move

The second move for 0dd is given in Figure 3, where each sequence of four
characters reads as

Even _ Number Position Odd _ Number Position

For example, the first entry means that if Even puts the 2 in position a, then
Odd should put the 9 in position h. Note that all thirty-two possibilities (four
responses in eight positions) are present in the table. Also note that for each
move Even makes, Odd needs to have only one response.

Odd’s Third Move

After Odd’s second move, there will be three numbers on the board. Further-
more, if Odd follows the strategy given in Figure 3, only one of thirty-two games
will be possible at this time. It is impossible for Odd to win after only two
moves since two odd numbers and one even number cannot add up to 15.

In each case, Even can respond in 3 X 6 = 18 ways. As before, for each move
that Even makes, Odd needs to have only one response. The correct responses
are listed in Figures 4(a) and 4(b). To use this table, first look up the current
configuration in the leftmost column. Each triple of digits gives one of the rows,
thus the sequence 010 000 032 corresponds.to the configuration

1

3 2

where zeros indicate blank cells. Odd’s responses are coded as before, except
that this time an extra character (W or C) is added to the end of the 4-tuple
indicating whether Odd Wins on that move or whether the game is to Continue.

Odd’'s Fourth Move

There are 181 configurations that must be analyzed after Odd’s third move.
These result because Odd did not win on the third move. Note that different
sequences of moves can result in the same configuration. After Odd’s third
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219 000 ©32 409eW 4c9fW 4d90C 409aW 4f9cW 499aC 6070W 6¢c7fw uLd9gC
6o7aW 6f7¢cW 6g9dC 8a5ew 8cSfW BdSaC BeSaw 8f5cW BgSaC
g10 06 674 209eW 2c9fW 2090C 2e90W 2f9cW 2g9aC 6a05eW GcS5fW 6d5aC
665aW 6f5cW 695aC 8a3ewW 8c3fW 8d9gC Belaw Bf3cW 8g9dC
810 900 996 205eW 2cSaW 2d5eW 2670w 2fSeW 2g95eW 405eW LcSeW 4dSew
4e5aW 4fS5eW ugSow 8aS5ewW 8cSeW BegSoW B8e70C BfSeW BgSeW
$10 900 0998 205eW 2c5eVW 2dS5oW 2e5aW 2fSeW 2q%oW haSeW 4cSeW 4dSew
4030W 4f5eW 4gSoW GoSew 6cSeW 6aSeW 6el3aC 6fSeW 6956w
P10 P09 600 207dW 2c7eW 2d7aW 207¢cW 2h71W 217hW 4aSdAW 4cSeW 4dSoW
4e5cW 4hSiW 435hW Bo3dC Bc3dC 8d3cC 8e3cC 8h31C 813nC
g1¢ 699 80¢ 205dW 2cSeW 2d5aW 205cW 2hS51iW 215hW 403dW 4c3eW 4LdlawW
4e3cW 4h3iW 413hW 6a7dC 6c7dC 6d7¢C 6e7cC 6h71C 617nC
810 930 980 205fC 2¢5aC 2d5aC 2fS5aC 2g51W 215gW 4a7fC 4c7aC 4d7i1C
4f7aC 4g71C 417aC 6091C 6c70C 6d91C 6f9aC 659iC 619aC
210 060 092 2a7iW 2¢c7gW 2d7fwW 2f7u0W 2g7cW 2170W 4051W 4cSgW 4dSIW
4f5dW 4g5cW 4150W Ba3iC B¢3gC Ba3fC 8f3dC 8g3cC 813aC
816 970 060 203fC 2c30C 2031C 2f3aC 2931C 21 30C 4a5fC 4cS5aC 4d50C
4f5aC 4g51W 415gW Bo91C 8c3aC 8494C Bf9aC 8g9iC 81i9aC
21¢ p8g 699 205iW 2cSgW 2d5fW 2fSdW 2gScW 2i50W 4031W 4¢c3gW 4d3fwW
4f3dW 4gldcW 4130oW 6a71C 6¢79C 6d7fC 6f7dC 6g7¢cC 6170C
012 000 990 405eW 4dSeW 4e7gC 4fSeW 4gSowW 415eW 6asew 6dS5ew Ge7gw
6f5aW 6g5ew Gi50w BaSew 8dS5eW BeSgw BfSew BgSeW BiSeW
914 po2 990 2a5ewW 2d5eW 2e3gC 2f5eW 2gSeW 215eW 6aSoW 6dSeW 6eSgW
6f5eW 6gSew Gi5ew BoSeW 8dSeW 8elgW B8f5eW 8g5aeW BiSew
915 299 000 4a9gW 4eSaW 4f9oW 4g9aW 4h9aoW 4i9aW 6a7gW Ee9aW 6f3oW
6g9aW 6h9aW 6190w 8a3gC Befaw 8f9aW 8g9aW BhBaw 8iSaW

Figure 4{a). Odd’s third move.

move, there are five numbers on the board. Thus, Even hasonly2X 4=8§
responses. Using the notation of Figure 4(b). Odd’s fourth move is given in
Figures 5(a) through 5(d).

Odd’s Fifth Move

There is no need to give a table for Odd’s fifth move since there are no
options at that point. Odd must simply place the remaining number in the sole
empty cell on the board. The above strategy is compact enough to be checked
by hand, although such a verification would be rather time consuming.

All Initial Winning Moves

In discussing Graham’s Game with Scot Morris, the question came up
whether the first move given above and the symmetrical moves is the only
winning first move, or whether there are other winning first moves. By
modifying the search program to analyze all first moves, I was able to see that
puttinga 1, 3, 7, or 9 in positions b, d, f, and h were winning first moves.
Table 1 compares the total number of configurations that were examined to
reach this conclusion with the upper bound on the total number of
configurations which was derived in Part [.
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215 409 000 2a9gW 2e9aW 2f%0W 2q% W 2h%awW 219aW 6a79C Ge9%aW 6f9aw
699w GhYaW 619aw 8Ba3gW BceSaw B8f9%wW Bg9aw Bh9oW Bif9aw
219 £p9 090 4cS5eW 4dSeW 4e7iC afSeW 4gSeWw 4150w 6¢S5owW 6d7gW 6e7iwW
GfSew 6g7dW 615cW BcSew 8d5gW BeSiw BfSeW BgSdw 8{5ew
319 P0P 200 4c96W 4dINC 4e9cW LfINC 4n9IW 4L E19nW 6¢c70W 6d71C BeZ7cW
6174C 6h7iwW G47nW BcHoW BASIC BoScwW BFSIC B8hSIW 815ShW
310 208 030 2¢51W 2d5cW 2e50W 2¢g53C 2h7dC 215cW 4c71C 4d5hC 4e7dC
4g71C 4n7gC 43i7dC 6¢71C 6d71C 607dC 6g9nhC 6h7dC 6i7dC
319 620 00O 4cOgW 4d9fW 4F9dW 4gIdcW 4h9gC 419cC 6¢79gW 6d7fW Bf 70w
6g7cW 6h7gC GI7nC BcSgW BASfW BfSdW 8g5cW BhS5gC 8159C
318 000 009 2d51C 2e5gW 2f51W 2g5eW 2nSfC 215fwW 4d71C 4e7iC 4f7iC
4g7fC 4h7dC 417dC 6d7iC 6e91C 6f74C 6g9(C 6h7eC 617dC
410 980 090 2c5owW 2dSeW 2e¢331C 2fS5eW 2950w 215eW 6c5eW 6a5gW 6eSiw
6f5aW 6g5uW 6i%0W BcS5ew BdigW Bo3iwW BfS5ow 8g3dW BiSew
510 €682 000 4COIW 4d9cW 4e9cW hg9cW 4h9cW 419cW 6c71W 6d9cW 6e9cW
6g9cW 6h9cW G6i9¢cW Bc3iC Bd9¢cW Be9cW 89g9cW B8h9cwW B19cw
518 004 000 2c91iW 2d9¢cW 2e9cW 2g9%cW 2h9¢cW 219cW 6c71C 6d9cW 6e9cW
699cW 6h9cW 619¢cW Bcl1w B8d9¢W Be9cW 899cW BhScW 8i9cwW
518 @86 PO0 2c7iW 2d9cW 2e9cW 299cW 2h9cW 219cW 4c71C 4d9cW 4e9cW
499cW 4h9cW 419cW Bc3dC Bd9cW Be9cW 8g9cW Bh9cW Bi9c¢wW
617 000 P00 2d9hC 2e31C 2f9nC 2¢3fC 2h9fC 213dC 4d5gW 4eSiW LfShC
4g5dw 4nSfC 4iSewWw 8d9nC Be9gC B8f9hC 8g3fC Bh3IfC 819dC
718 P00 upe 2c9eW 2d9nC 2e9cwW 2f9nC 2h91iW 219hW 6cSewW 6dS5hC 6eScwW
6fSnC 6hSiW 6i5hW BcleWw 8d31C Be3cW Bf31C Bh3iw 813nwW
710 G40 000 2c9gwW 2d9fw 2f9dw 2g9cW 2h9gC 219¢C 6c5gW 6d5FW BFSdW
6g5¢cW 6h5gC 63159C Bcigw Bd3fW Bf3dwW 8g3cW BhigC B813gC
716 060 000 2031C 2e3gC 2f3gC 2g3fC 2n9dC 213dC 4dS5gC 4eSgW 4f5iw
4g56wW 4hSFC 415fw B8d3iC Be81C B8f9gC B8g9fC BnleC 813dC
813 000 000 2a5gwW 2e5iW 2f5nC 2g5dW 2h5fC 215eW 4d9nC 467iC 4f9nC
4g7fC 4h9fC 417dC 6dINC 6e9gC 6fINC 6g7fC 6h7fC 619dC
919 pop @20 4eT7dC 4d5cW 4e5cW 4fScW 495cW 415cW 6¢c7dC 6d5¢cW 6e5cwW
6f5¢cW 6g5cW 615cwW Bc7dC BdScW BeScwW BfS5cw B8g5cW BiScw
910 009 @uo 2c3dC 2d5cW 2e5cwW 2fScW 295cW 215cW 6c3dC 6d5cw 6e5¢cwW
6f5cW 6g5¢cW 615cw BcloC BdScW BeScwW BfScw BgScwW 81i5cw
91¢ 6060 ¢c¢o 2¢7nC 205cW 2f5cW 295¢cW 2hScW 215c¢cW 4c7hC 405¢W 4f5cwW
495¢cW 4h5cW 415cw B¢7hC BeScw BfScW BgScwW 8nhScw 815cw
819 800 000 2c3nC 205cW 2fScW 2g5cW- 2hScW 21ScW 4e3hC heScW 4fScw
4g5cW 4hScW 415¢W 6¢3hC 6aS5cW 6f5cW 6g5¢cW 6h5cW 615cwW
Figure 4 (b). Qdd’s third move.
Table 1. The Pruning Results for Graham’s Game
Size Configurations Examined Percent

1 45 9 20

2 1440 288 20

3 201860 1567 8

4 181440 12529 7

5 907200 40928 5

6 2419200 141909 6

7 3628800 317586 9
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810
810
010
010
010
010
010
010
010
810
1o
810
910
210
810
810
210
810
810
1o
12
213
813
813
814
016
216
817
817
017
218
018
218
219
219
319
318
318
318
318
310
319
310
31¢
318
318
319
310
38
318
318
318
318

269
¢o9
pe9
ge9
g3e
(119
70
87¢
27¢
368
430
609
630
687
786
889
863
870
909
960
840
260
889
809
pg2e
080
799
069
pap
609
o060
309
835
oup
873
(4.2}
Bo6
908
o8
[o1:)
oes
p2d
929
020
p2¢
82p
860
879
872
4900
408
699
608

638
683
867
876
487
689
263
869
863
890
287
932
289
299
29¢
974
09¢
869
632
874
79¢
89¢
690
600
390
790
800
800
€90
80p
390
6pQ
289
8oz
860
290
207
205
497
690
740
876
508
580
769
S4p
@98
g62
a6¢
29¢
85¢
287
887

2a7aw
2074w
2aHawW
2abLuw
209dwW
207aw
4a9dwW
2abaw
409gw
2071w
2a9gwW
4a7¢C
2a7gw
2abiw
2051w
2a3eC
2059w
2a5gw
4a7eC
2a30C
6a5iw
2050w
2a7awW
2a7eC
6a71w
2051W
2a5eC
2a5dw
2051w
2a5eC
2074w
207¢C
Lc7owW
6cSgw
4eSaw
6cSew
4cSew
hc7oW
2cS5ew
2cS5aew
2¢cS5aw
4cSfw
4c7aw
4c7dw
4cSaw
6¢c73C
2cS5fw
Le9fw
L4e9iw
6cSew
2c9oW
4cSeW
2¢c5ew

2c7eW
2¢70vW
2c5ew
2cSouW
2cS5aw
2c7fC
4cSaw
2¢5S1C
hcSaw
2¢51W
2c5aw
4c7fC
2c7fC
2chHgwW
2c5gwW
2c3fC
2c7gw
2¢5fC
4cSew
2c5aW
6d5fwW
2d7fw
2d7aw
207aC
6d7fw
2dsSfw
2eSaC
2d5awW
2a5fw
2e50C
2d7fw
2¢7aC
4d9gwW
GdSfw
4Ld9gW
6dSew
4dSowW
4d7ewW
2d5ew
2dSew
2d5eW
4d9fW
4dofw
4d9fw
4dofw
6d7f{w
2d7fw
4a9gC
4dSiwW
6e5fw
2e9iC
LeSfw
2e5nC

2d7awW
2d70W
2d5aowW
2dSawW
2d9avW
2d7awW
4d9awW
2d5aw
415awW
297¢cwW
2150w
LeSTw
2f7¢C
2g5¢wW
2g5cwW
2051w
2g50wW
2f5¢cC
4eS5cw
2e5¢cw
6f5aw
2f7aw
2h74w
2h71w
6f7aW
2f5aw
2hSiw
2hSiwW
250w
2n51W
2f7dw
2h71W
4g7aw
EfS5dw
4g5aw
6eSaw
haS5dw
hedcw
2050w
2eS5aw
2a5dv
4f9daw
4f9dwW
4 f9dwW
4f9dw
6f7aw
2f7aw
4f9cw
4951w
6fSew
2g9%eW
4fSew
2g5eW

2eS5aw
2e7cwW
205¢cw
2e5cW
2f5aw
2f7cC
4 F5awW
2f5cC
499aw
215cwW
2990w
4fSow
2g7aw
215aw
215aw
2f5ew
2i7aw
2g5aw
4f7cC
2f3cC
615aw
217aw
217hw
2170w
615fw
2150W
215hw
215hw
215awW
245hw
215fw
2i7hw
4170w
6g5cw
4iSdaw
615eW
HhSew
4h7ew
2h5ew
215eW
215dw
hg9cw
4h7dw
41 7dw
415daw
6i7cC
297cw
499dC
415gw
615ew
219eW
4hSew
2hSew

4aSaw
4aSaw
4addw
4adaw
6aSaw
haSaw
Ba5daw
Yalduw
8aSgw
4aSiw
6a5gw
8aSew
4a5gw
habgw
4a3iw
6a5ew
4aSiw
4a3gwW
8a5ewW
6a5ewW
Ba3iw
4uaSiw
haSaw
4a5eC
BaS1iw
[T-2 3%
4a3eC
4odaw
4aS5dw
4a3eC
4aSiw
405eC
6c7aw
8c3gw
8cS5dw
BcS5ew
BcS5ewW
6¢c7eW
6cSew
hcSew
6¢c5dw
8cSgw
6c7aW
Bc7dW
8cSaw
8c¢51C
LeSgw
8cS5fW
B8cS51w
8cSew
6c9eW
8cS5ew
LcS5ew

ucSew
4cS5ew
heclew
hclew
6cSaw
4¢cS5fC
BcSaw
4ec3fC
B8cSaw
4cSgw
6cS5aw
BcSfw
4e5fC
hcigw
LcSiw
6cSfw
heSgw
4c3fc
8c5fw
6cS5fwW
8d3fw
L4dSTW
4dSaw
4e5aC
8dSfw
4a3fw
403aC
hd3aw
Ld3fw
4e3aC
4dSW
4e5aC
6d7gw
84d3fw
8d5gw
8dS5ew
B8dSew
6d7eW
6dS5ewW
4dS5ew
6d9eC
8d5fw
6a7fv
6d7fW
8dSfw
8a5fw
4dSfw
B8dSgC
8451w
BeScwW
6a@94C
805cwW
4eShC

4dSaw
L4dSaw
hadaw
Ld3aw
6d5aw
4dSaw
8d5aw
4a3oW
8f5aw
4g5cwW
6f5aw
8eSaowW
4f5cC
4gS5aw
LgdcwW
6o5aw
4gScw
4f3cC
BoSaw
6o5aw
8f3aw
4r5aw
4hSIwW
4hSiw
8f5dw
4f3ow
4h3iw
L4h3iw
Lf3aw
4h3iw
415dw
4hSIw
6g7aw
8f3dw
8g5aw
BoScwW
8eScw
Ge7cW
6o5cwW
4eScw
6eSaw
8fSaw
6f7aw
6170w
B8fSdw
8f5aw
4€5aw
8f5cw
8g5iw
B8f5ew
6g9%eW
8fSew
4gSew

4o5cw
hoScw
Lodcew
4oSow
6fSaw
4fs5cC
8fsaw
4f3cC
8g95awW
41S5auW
6gSaw
BfScw
ugSaw
Li3aw
415cwW
6fScw
4150w
4g3aw
8fScw
6fScw
815fw
41Saw
W1Shw
415nw
81i5aw
4151w
4i3hw
4413hW
413aw
413h\
415aw
415hw
617aw
B8gS5dw
815dw
8150w
8h5ew
6h7eW
6hSew
4150w
6154w
8g5¢cw
6h70W
617dw
815dw
815cC
4g5cw
895dC
815cw
815eW
619eW
BhSew
4hSew

Figure 5(a).

Qdd’s fourth move.
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310
319
318
310
310
310
310
312
314
316
318
318
318
318
318
318
318
318
318
318
318
318
318
318
319
419
410
419
519
$19
510
Sig
519
510
518
510
512
514
514
516
518
518
610
618
610
615
617
617
617
617
617
617
617

7¢8
708
708
708
748
768
80p
870
[+]:14]
gos
1.1
pos
096
87
gp9
fup
269
e7e
200
uoe
600
700
700
700
[ ¥4
220
837
87%
(-{'}
pop
832
74
230
479
600
800
830
0086
070
004
ge2
306
930
[-1:]"]
769
w90
692
o83
[-]"})
293
094
205
[s]-1:1

4]
806
020
o6e
ope
gop
205
060
087
087
pe?7
g20
887
400
600
ee7
ge9
g6p
205
897
007
094
806
oup
o8y
993
[ L-14]
860
674
832
oep
069
[-L:1
P68
074
032
080
007
069
007
ees
000
089
897
808
700
099
989
200
8oe
pse
1Y)
[:3:1]

2cHgw
2¢c5gW
4cSgwW
2¢5gwW
2¢5gw
2c5gwW
4bc7ewW
4d51iW
2dSeW
2d50wW
2090w
4d9el
2d5ew
2d90C
2d7eC
2d9fw
2471w
2d5iwW
be9fw
2e9fw
2e5gw
2e5gw
2059W
2e5gW
6d7fw
Gc7gW
2cSaw
2c3aw
2c9fwW
4c9fw
4c91iw
2c91vW
Lc7iv
2¢31u
2cofw
4c9fw
4d71iw
2d3ew
2d3iw
2d9eW
4d9eW
2e7gW
2c¢7fC
2¢5gW
2cSevW
2091w
4d5gw
2451w
4d51W
2d54iwW
2d9¢cwW
2d3iw
2d5ewW

2e5gwW
2059w
4edbgw
2ae5gW
2g9cvW
2g5¢C
holBcwW
Wf91w
2e5uW
2e5dw
2e9aw
409dC
2e5gW
2¢9aC
2e7dC
2f9aw
217dw
2151w
4f9eW
2f9ewW
2f5ewW
2f5gv
2€5gw
259w
6f7aw
6d7fw
2d9gW
2d9gw
2d9c¢wW
4Hd9cW
4d9cwW
2d9c¢ewW
4€9cW
2f9cw
2e9cw
Le9cwW
Lf9iW
2e9gwW
291w
2e9aw
4e9aw
2g7el
2d7gw
2d5f1vW
2e5cW
2f9c¥W
4e51ivw
2e51v
4eSiv
2051W
2e9dW
2031w
2e5dw

299hw
295nC
4g9iw
2g51C
2h5gwW
2nSgwW
L17ev
4gSivw
2g5ew
2gSew
2g5ew
4991w
2g5ew
2h9iwW
2n7iv
2g9ncC
2g97nC
2951w
hg7ew
2g5ew
2g5ewW
2g9hwW
2956w
2991w
6g95hw
6f7dw
295dwW
2g3dw
2e9cwW
4e9cwW
4g9cwW
2g9cW
4g9cwW
299cwW
2f9cwW
4f9cwW
4g7iw
2g3ew
2934w
2g3ew
Lg7ew
2h7gw
2f7¢C
215aw
2nSiw
2h3eW
4gSdw
2951w
Lhoiw
2h5iW
2g9ewW
2991w
2g5ew

2n9gwW
2h5gw
4199w
215gW
215gwW
2159w
Lh7oW
415gW
2n5eW
2hSewW
2hSow
4199w
2nSevW
219nW
2170w
2h9gC
2h7gC
2151w
4h7eW
2hSew
2hSewW
2nh9gwW
2h5gwW
219gwW
6hSgW
6954w
215dwW
2150w
218cwW
4f9cW
419cwW
219cwW
419cW
219¢W
299¢cW
499cw
419w
2h3eW
219fw
2h3ewW
4h7ewW
217gvW
2g7aw
2g5¢cwW
215hvW
2i3ew
435eW
2159w
419hW
215hw
219eW
219gw
215eW

6cS5gW
heSgw
6cH5gW
4cSgW
GcS5gw
heSgwW
6¢7oW
8d51w
6dSewW
4dSew
6d5ewW
6d7eC
4dSew
6d56C
4dS5eC
6d5fW
[Y:134]
4051w
6e7fw
6e5fw
4eSfw
6eSgwW
4LoSgwW
6e5qW
8d5fwW
8c5gw
6c5dw
8c3aw
Bc3fw
6c7fw
6c71wW
Bclw
6c71W
8e3iw
8c3fwW
6c7fv

6071w

8d3eW
8d3Lw
8d3ew
6d7oW
bo7gW
4eS5fC
4c3gW
4cleW
8e3fVW
8dSow
4dSgwW
8dSiwW
4dS51vW
8dlew
8d31wW
4d3eW

6e5gwW
LebgW
Ge5gw
LobgW
6g5cwW
4g5cw
6e7cH
851w
605gW
4e5gW
6e5dw
6e7dC
4HLeSdaw
6e5dC
4a5dC
6f5aw
4f5dw
LI51W
6f7eW
6fS5ewW
4fSew
6€5gwW
4 f5gwW
615gW
8fSaw
8d5fwW
6459w
8d3gwW
8d9cwW
6d9%cw
6d9cw
8d9cW
6f9cwW
8f9cwW
Be9cw
609¢cwW
671w
8e3gw
B8F31W
Be3aw
6e7dw
4g7eC
4d5gW
La3fw
LeS1iw
8f3ew
B8eS5dw
heSiw
BeS51iw
heSiw
8o3dw
Be3iwW
Ledaw

6g5nhw
4gShw
6g9iC
4951w
Bh5gw
4h5gwWw
6f70W
8951w
6g5ew
4g95ew
69Sow
6971w
4gS5ew
6hSiw
4h5ivw
695nC
4g95nC
4951w
6g7ew
6g5ew
hgSewW
6g5hw
4g5hw
6g51w
8g5nC
8f5dw
6g5dw
Bglaw
Be9cw
BeScw
6g9cW
8g9cw
6g9cw
B8g9cwW
8f9cw
6f9cwW
6971w
8glevW
8931w
8glew
bg7ew
4h7gW
4fScC
4f3aw
4h3ivW
8h3lew
B8g5ew
4g5adw
8hS1iwW
4hSiw
8g%ew
B8g3iwW
495dw

6hSgwW
4h5gwW
6159w
4L15gwW
6159w
4159w
6h70W
B815fw
6hSeW
anSew
6hSew
617gw
4nS5evw
615hW
LH1Shw
6h5gC
4nh59C
4159w
6h7oW
6hSew
4hSew
6hSgw
4h5gw
615gW
8nsgcC
89g5¢cw
615dw
B813dw
8f9cwW
6f9cw
619cw
B819¢cwW
619cwW
B819c¢w
899%cw
699cwW
6171w
8hdeW
8131w
8hiew
6h7ew
417gW
4gS5ow
LgSaw
4130w
81 3eW
815eW
415eW
815hW
415ewW
819ew
81 3gw
41SeW

Figure 5(b). Odd's fourth move.
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4d5gW
4d9fw
2051w
hLeSiw
4e9fC
2051w
2051C
6cSew
2c9ewW
2cHow
2c8fwW
2c94w
2¢c5aW
2¢c5avw
2claw
2c3aw
6¢c51C
2c5gW
6cS5ew
2c9eW
2¢cS5ew
2051w
4d9cW
4d9eC
2d9eC
2dSew
2d5¢C
4d9fw
2054w
2d5fwW
4o9fw
4eSgw
2059w
209fW
2051w
4e5gW
6dS5fwW
2¢c7gW
2¢5fC
2c7eM
4d9eW
2d5gw
Ld7iW
2d7eW
2dSgw
2d5¢W
2d54W
2d5gwW
2991w
2d7fwW
2051w
207fW
209fC

4eSivw
4 f9dw
215aw
4fSewW
419eC
215ewW
21%6C
6dS5ew
2d9ew
2c¢5ewW
209gC
2uSiwW
2d9fwW
2d9fwW
2d9fw
249w
6051w
2051w
605cwW
209cW
205fwW
219iw
4e9dw
4e9dC
2e9dC
2eSaw
2e5dC
4 f9aw
2€51W
215dw
4f9eW
4fSgwW
2f5gW
21 9%eW
2fSew
451w
650w
2071w
2d5gwW
2051w
4e9aw
2e51vW
4a7ivW
2e7dw
2e5twW
2e51vW
2e51W
2651w
2f9aw
21 7dw
215ew
2f7evW
2f9eC

4g5dw
4gSaw
2n51C
4oSev
4g9hw
2g5ov
295nhW
6eScwW
2ae9cW
2050w
2f9cw
2951w
2f9av
2f9av
2f9avw
219dw
6f5dw
2f5aw
6fSew
279w
2fSew
2951w
4h5aw
4h91w
2991w
2n51C
2h5§w
4hSaw
2951W
2g5hC
495ewW
499hwW

295hw.

2n91C
2g5ew
4gSeW
6g5nC
2f7aw
2f5¢cC
2n71W
4g9ev
295av
4991V
295dw
2g5Saw
2h94w
2h5SiwW
2g5dW
295aw
2n74icC
2956w
2g5ew
2g9nw

hWidSew
4h5Ffw
215nC
415evW
4h9gw
215eW
2n5qgw
615aW
2i9ew
2uhow
2g9dC
2i5gwW
2hSaw
2150w
2h3aowW
213aw
615¢cC
2g5¢cwW
615eW
219eW
2nSew
215gwW
4150w
419hW
2i9gw
215nC
21Shw
415dw
215gwW
2h5gC
WhSew
4n9gw
2h5gW
219nC
2hS5ow
4151w
6nSgC
2g5dw
295dw
217nv
4180w
215eW
419gW
215eW
2150W
219nhw
21509
2150W
2n5fw
217nC
215eW
21SoW
2h9gwW

8d3gC
8a5fw
4d3fwW
B8o5fwW
805fC
Ho3fw
ho3fC
8cSewW
8c9ewW
6cSowW
6cSfW
6¢c51W
6cS5aw
6c5aw
8c3dw
Bc3dw
Bc31C
4c5fw
8cSewW
8c9eW
6cSevW
6051w
8d5ew
8dSeC
8d3eC
hdleW
4d3eC
BdSfW
4dSiw
4d3fwW
BeSfW
8eSgw
LaSgW
Bo3fw
4LeSgW
803g9C
8a3fw
4eSgw
4el3fC
4cS5ewW
6d7eVW
6d5ewW
6d7iwW
4dSeWw
LaSiw
6451w
4d51iw
6d7gC
6d5fw
4dSfw
665fW
heSfw
6e5fC

Be31C
8f5dwW
4f3aw
8f5ow
8f50C
Hf3oW
4f30C
8d5ew
B8d9e¥W
6dSevw
6d5gC
6d51W
6d5fw
6d5fw
8d3fw
8d3fw
8d3fw
4a3fw
8e5fwW
Bo3cW
6aScw
6751w
8e5dw
8e5dC
8e3dC
4o03dwW
403dC
8fSaw
4751w
4f3aW
B8f5ewW
815gW
4f5gw
8f3oW
4fSew
Bf3icC
Bf3dw
LdSfw
4a3gwW
4oScw
So7aw
GoS5dw
Ga7ivW
4oSaw
4051w
6051w
4051w
6e71C
6f5dw
4f5dw
6fSew
L fSew
6f5eC

895iW
8g5fw
4h3iC
B8g5ewW
B8g5hw
ugSeW
4g3nwW
BebSdw
8el3cwW
GeScwW
6fScw
6951w
6fS5dw
6f5dw
8f3dw
8f3aw
81 s5uwW
41 3aw
Bf5ew
8f9ewW
6f5eW
6g51wW
8n5dw
BnS5iwW
B8g3iwW
4h3iC
4h3iwW
8hSaw
LgS1w
4g3ncC
8g5ew
B8g5Shw
4gSew
B8h31C
4gSew
8gSivW
8gShw
LfSaw
4f3cC
4hSiw
6g9eW
6g5ewW
6g71wW
4gbow
4g51W
6nSiw
4hSiw
6051w
6g5fwW
4nsic
6gSew
wgSev
6g5hw

815gw
ansfw
413hC
8150w
ansgw
4315ew
4h3gw
8i5ew
B819eW
6hSewW
6g5dC
615cw
6hSaw
6150w
B8hiaw
813aw
813¢cC
4g3cw
8i5evW
B19ewW
6n5ew
615w
815aw
815hwW
813gW
413hC
413hW
B815aw
4L15FwW
4h3gC
ahSew
8hSgw
L4hSgw
813nC
4nSeW
B15gw
8h5gw
4gScw
4g3ow
4150w
619eW
615ew
6179w
4150w
4159w
615hw
415nhw
615gwW
6h5fw
415nC
615eW
41S5ew
6hSgw

Figure 5(c).

Odd’s fourth move.
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813 90p 086 2¢7MC 2f7¢C 2g7hW 2h7gW 4eSfC 4f5eC 4gShWw 4hSgw
815 200 300 4e9fW Lf9eW 4h70W Li70W 6¢7fW 6f7eW Gh7eW 617¢oW
919 008 274 6ebfW 6dbcW 605cW 6FfScW 8c3fW B8dS5cW 8eScW BfScw
910 POA 432 Ge7fW Gd5cW 605cW 6f5cW BeSHFW BdScw BeScw 8fScw
910 B30 086 2¢c7fW 2d5¢W 2(5cW 2g5cW 4cSIW 4dScW 4fScW 4gScw
910 836 08¢ 2c/1W 2U5¢cH 2g5cW 215cW 4cH51W 4dScW 4gScW 415cwW
910 ©70 068 2cHfW 2a5cW 2fS5eW 2g5cW 4c3fW 4d5cW 4fScW 4gScw
918 078 o660 2c5iW 205¢W 2g5cW 215cW 4c3iW 4dScw 4gS5cW 43iS5cw
910 200 074 6cSfW 6e5cW BfScW 6g5cW Be3fw BeScW BfScW BgScw
910 4pp 832 6c7fW 605cW GfScw 6g5cw Be5fW BeScW BfScw 8gScw
912 308 oug Ge7gW Gr71W 6951W 615gW BeSgW Bf5iW 8gSew 815w
912 689 ©870 4ebfW 4fSeW 4930C 413fC Bebgw Bf5iW 8gSeW 815fW
912 809 o3¢ 4e5gC 4fSIC 4g5eC 4Li5fC 6e7gW 6f7iW 6g7eW 617fw
914 600 070 2¢59C 2151C 295eC 215fC Bel3gw B8f3iW 8gleW 813fw
914 700 920 6c5gW 6151W 69Sew 6151w BedgW BF31W 8g5iW Bi5gw
914 800 93¢0 205fW 2f5aW 2g7eC 217fC 6eSgW 6fSiW 6g5eW 6151w
916 300 p4up 207gW 2171w 2g7eW 2i7fW BeSgC B8f51C BgSeC 815fC
916 790 @20 4e5gW 4fSiW 4gSew 415fW 8e3gC Bf31C BgSiw B15gw
916 808 030 205fW 2f5eW 2g7eW 217fW 465gW 451W 4gSeW 41SfwW
918 300 Dup 20¢59W 2f5iw 2gbeW 2i5fW 6e7g9C 6f71C 6951w 6150w
918 660 070 205gW 2f51iW 2gSeW 215fW 4e5fW 4f50W ug3ew 413fw
918 799 020 4edgW 4f31W 4gldeW 413fW 6e59C 6f51C 6g5eC 615(C

Figure 5(d). Odd'’s fourth move.
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Note

William Conklin has noted that the example shown in Figure 5 of [1] is
correct only if Odd places 9 in position X, otherwise Odd can get a line of 15
by placing 9 in the lower right corner. Even’s correct strategy is the following:
If Odd blocks with a 9,7, 3, or 1, Even responds with a 4, 6, 8, or 8 in the
center. Whenever Odd’s first move uses 5, Even can always threaten to win by
using 2 appropriately. If Odd blocks using 9, 7, 3, or 1, Even can always force
a win by responding witha 4, 6, 8, or 8.
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